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1. Main results
Let Fq be the Galois eld of q elements and denoted by PG(r; q) the r-dimensional
projective space over Fq. A k-arc K in PG(r; q) is a set of k points such that no r+1
points of K lie in a hyperplane; it is called proper if k>r + 3. A normal rational
curve in PG(r; q) (r6q−2) is a set of q+1 points which is (projectively) isomorphic
to f(1; t; : : : ; tr); t 2 Fq [ f1gg. Clearly, a normal rational curve is a (q + 1)-arc. An
arc is called classical or rational if it lies on a normal rational curve. Denoted by m(r; q)
the maximum size of arcs in PG(r; q). We refer to [8{12,14, Chapter 27], for
detailed information on arcs, together with [3,5,13,15{17,19]. We are interested in
modifying B. Segre’s conjecture on arcs:
Segre’s conjecture. Let 16r6q− 2.
(1) If q is odd, then m(r; q) = q+ 1, and every m(r; q)-arc in PG(r; q) is classical.
(2) If q is even, then m(r; q) = q + 1 except for m(2; q) = m(q − 2; q) = q + 2, and
every m(r; q)-arc in PG(r; q) is classical provided 46r6q− 5.
We note that if q=9, the second part of (1) fails for r=(q−1)=2 [7]. For what values
of q does the conjecture hold? We have the following computational result.
Theorem 1.1. Let h= (q+ 1)=2 + 1.
(1) If q= 23, then h= 13 and every 17-arc in PG(4; q) is classical.
(2) If q= 25, then h= 14 and every 19-arc in PG(5; q) is classical.
(3) If q= 27, then h= 15 and every 20-arc in PG(5; q) is classical.
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In two dimensions, m(2; q) = q + 1 and every m(2; q)-arc is classical, provided q
is odd. Let m0(2; q) the size of the second largest complete arcs in PG(2; q). See
[12] or [2, Theorem 1:6] for several upper bounds of m0(2; q). See [6] for a complete
(q−pq+ 1)-arc in PG(2; q). What follows is a computational result.
Theorem 1.2. (1) m0(2; 23) = 17; m0(2; 25) = 21; m0(2; 27) = 22 and m0(2; 29) = 24:
(2) There exists no complete (m0(2; q)− 1)-arc in PG(2; q) for 256q629.
These theorems, together with results for 116q619 [4], imply the following:
Corollary 1.3. Segre’s conjecture holds for 116q627.
In Section 2 some theoretical background will be explained. In Sections 3 and 4 we
shall describe our strategy. All programmes are written in the language C.
2. Preliminaries
Let K be a proper k-arc in PG(r; q) consisting of points Pi with homogeneous
coordinates ai, a column vector of (r+1) components. We call the (r+1) k-matrix
A = [a1    ak ] a coordinate matrix (CM) of the arc. By the denition of arcs, an
(r+1) k-matrix is a CM of a k-arc in PG(r; q) if and only if any r+1 columns of the
matrix are linearly independent. For a  2 Sk (the permutation group of f1; 2; : : : ; kg)
we denote by [] a non-singular matrix such that [c1; : : : ; ck ][] = [c(1); : : : ; c(k)] for
any row vector [c1; : : : ; ck ]. Because of the freedom of ordering the points of K and
that of choice of homogeneous coordinates, a general form of the CM of K takes the
form A[]D, where D is a non-singular diagonal matrix. Consequently, a general form
of the CM of an arc isomorphic to K takes the form TA[]D, where T is a non-singular
matrix. By abuse of notation we call a matrix TA[]D of the form2
6666664
1    1 1
x11    x1n 1
...
...
...
...
xr1    xrn 1
Er+1
3
7777775
; (2.1)
where Er+1 is the identity, a canonical coordinate matrix (CCM) of K . We call its
submatrix2
6666664
1    1 1
x11    x1n 1
...
...
...
...
xr1    xrn 1
3
7777775
(2.2)
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a principal part matrix (PPM) of the CCM or of K . It is straightforward to prove that
an (r + 1) (n+ 1) matrix X of the form (2.2) is a PPM if and only if every square
submatrix of X is non-singular [8]. Hence the following Lemma 2.1 is trivial.
Lemma 2.1. If a matrix of the form (2:1) is a CCM, and 16s6r; 16t6n, then2
6666664
1    1 1
x11    x1t 1
...
...
...
...
xs1    xst 1
Es+1
3
7777775
(2.3)
is a CCM.
A matrix is called Cauchy if it takes the form [1=(1− ij)] [20]. A square Cauchy
matrix [1=(1− ij)] is non-singular if and only if both the i and the j are mutually
distinct [20].
Lemma 2.2 (Hirschfeld, 1985, Theorem 21.1.1). A proper k-arc in PG(r; q) is classi-
cal if and only if its PPC is a Cauchy matrix.
Since there exists a unique normal rational curve through an (r+3)-arc in PG(r; q),
every k-arc in PG(r; q) is classical if every k0-arc in PG(r; q) is classical for some
k0>r + 4 with k >k0.
Lemma 2.3. If a PPM (2:2) is a Cauchy matrix, there exist exactly q − 1 − n − r
row vectors x0 = [xr+1;1; : : : ; xr+1; n] such that the (r + 2) (n+ 1) matrix obtained by
adjoining the row matrix [x0; 1] to (2:2) is a PPM and a Cauchy matrix.
We shall use the following lemma for s = 1. Recall that the collineation group
of PG(r; q) is the set of composite transformations g, where  is a collineation
[x0; x1; : : : ; xr] 7! [x0; x1; : : : ; xr ] induced by an automorphism  of Fq, and g is a pro-
jective automorphism of PG(r; q).
Lemma 2.4. Let K (l) be the representatives of distinct types of (t + s + 2)-arcs
in PG(s; q) under the collineation group, and let X (l) = [x(l)ij ] be the PPM of
K (l) (l=1; 2; : : : ; L). If K is an (n+ r+2)-arc in PG(r; q) with n>t and r>s, then a
collineation maps K to an arc with a PPM X = [xij] such that xij = x
(l)
ij for some l
and for every 06i6s and 16j6t.
Proof. We shall prove the lemma in the case t=n. The general case can be dealt with
similarly. Let M =[XEr+1] be a CCM of K . Deleting the ith row (s+16i6r) and the
jth column (n+s+2<j6n+r+2) from M , we get a CCM M 0 of a (t+s+2)-arc in
PG(s; q), which we may assume to be isomorphic to K (l) under a collineation. Hence,
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there exists an automorphism  of Fq, a non-singular matrix T0; 0 2 St+s+2 and a
non-singular diagonal matix D0 such that [X (l)Es+1] = T0M 0[0]D0. Let  2Sn+r+2 be
the extension of 0 such that (j) = j for t + s+ 2<j6n+ r + 2, and let
T =
"
T0 O
O Er−s
#
and D =
"
D0 O
O Er−s
#
:
Then ~M = TM []D takes the form"
X (l) Es+1 O
 a1    as+1 Er−s
#
; (2.4)
where aj are column vectors. Let
S =
"
Es+1 O
b1    bs+1 Er−s
#
; where bj =−aj:
Then S ~M takes the form (2.4) with aj = 0, and for some diagonal matrices D1 and
D2 the matrix D1S ~MD2 is K’s CCM of desired form. Here D1 and D2 are utilized to
ensure that each component of the (n+ 1)th column of S ~M is equal to one.
3. Computation for Theorem 1.1
Let "
1 1    1 1 1 0
a1 a2    ak−3 1 0 1
#
(3.5)
be a k-arc in PG(1; q). Denoted by B(k + 1; a) the ordered set of row vectors b =
[b1; b2; : : : ; bk−3] 2 Fk−3q such that2
664
1    1 1
a1    ak−3 1
b1    bk−3 1
E3
3
775 (3.6)
is a CCM of a (k + 1)-arc in PG(2; q). For a b 2 B(k + 1; a) let N (k + 2; a; b) =
jB(k + 2; a; b)j, where B(k + 2; a; b) is a subset of B(k + 1; a) consisting of all b0>b
such that2
666664
1 1
a 1
b 1
b0 1
E4
3
777775 (3.7)
is a CCM of a (k + 2)-arc in PG(3; q). Theorem 1.1 relies on the following lemma.
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Lemma 3.1. Let the notation k; a = [a1; : : : ; ak−3]; b; B(k + 1; a); B(k + 2; a; b) and
N (k + 2; a; b) be as above. Assume the following conditions (1){(3).
(1) maxb2B(k+1; a) N (k + 2; a; b) = q− k > 0;
(2) there exists an integer 16‘6q−k such that each i 2 f‘; ‘+1; : : : ; q−kg appears
exactly once among N (k + 2; a; b)(b 2 B(k + 1; a));
(3) if ‘> 1, then ‘− 1 appears at least twice among N (k +2; a; b)(b 2 B(k +1; a)).
Then any (k + ‘ + 1)-arc in PG(2 + ‘; q) whose CCM is of the form
2
6666666664
1 1
a 1
b(1) 1
...
...
b(‘+1) 1
E3+‘
3
7777777775
; (3.8)
is classical. Meanwhile if ‘> 1, there exists a non-classical (k + 2)-arc in PG(3; q)
whose CCM is of the form (3:7), hence m0(3; q)>k + 2, provided q is odd.
Proof. By Lemma 2.3 there exist exactly q−k+1 b0s in Fk−3q such that the PPM of the
form (3.6) is a Cauchy matrix. Denote them by b(i). Without loss of generality, we may
assume that b(1)<b(2)<   <b(q−k+1) belong to the ordered set B(k+1; a). Assump-
tions (1) and (2) of the lemma imply that B(k+2; a; b(i))=fb(i+1); b(i+2); : : : ; b(q−k+1)g
for 16i6q−k−‘+2. If an arc has the CCM of form (3.8), where b(1)<   <b(‘+1),
then N (k+2; a; b(1))>‘, hence b(1) =b(i) for some 16i6q− k−‘+1 by the assump-
tions of the lemma so that the arc must be classical. Suppose that ‘> 1. By assumption
(3) there exists a b 2 B(k+1; a)nfb(1); : : : ; b(q−k−‘+2)g such that N (k+2; a; b)=‘−1.
Note that an arc with the CCM of form (3.7) is non-classical if either b or b0 diers
from all b(i). If b=b(i) for some i, then i>q− k−‘+2 so that B(k+2; a; b) contains
a b0 6= b(i) for all i.
Let q be 23, 25 or 27. We x an integer k > (q + 3)=2 for each q. Let A(k) be
an ordered set of row vectors a = [a1; : : : ; ak−3] 2 Fk−3q such that (3.5) with a 2
A(k) are representatives of k-arcs, equivalently k-set, in PG(1; q) under the group of
collineations. To get A(k), it suces to classify (q + 1 − k)-arcs of the form (3.5)
in PG(1; q) under the group of collineations, and transform k-arcs PG(1; q) n K (j) to
those whose CCM is of the form (3.5). Here K (j) (16j6jA(k)j) are representatives
of (q + 1 − k)-arcs in PG(1; q) of the form (3.5). Next for each a 2 A(k) we make
the le of B(k + 1; a), then list B(k + 2; a; b) and N (k + 2; a; b) (b 2 B(k + 1; a)) in a
le. Then it turns out that conditions (1){(3) of Lemma 3.1 hold for our choice of k.
To be more precise, ‘ in Lemma 3.1 happens to be independent of a 2 A(k). If q is
odd, then m(3; q) = q + 1, and every (q + 1)-arc in PG(3; q) is classical. Let m0(3; q)
be the size of the second largest complete arc in PG(3; q). We get Table 1.
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Table 1
q k jA(k)j ‘ (q + 3)=2 k + ‘ + 1 2 + ‘ k + 2
23 14 196 2 13 17 4 166m0(3; 23)
25 15 293 3 14 19 5 176m0(3; 25)
27 16 565 3 15 20 5 186m0(3; 27)
4. Computation for Theorem 1.2
Let us explain how we proceed in the case that q= 23. Set k = 16. Let A(k) be an
ordered set of row vectors a=[a1; : : : ; ak−3] 2 Fk−3q such that (3.5) are representatives
of distinct types of k-arcs in PG(1; q) under the group of collineation. A(k) consists of
83 vectors. For a given a 2 A(k) denote by B(k + 1; a) an ordered set of row vectors
b= [b1; b2; : : : ; bk−3] 2 Fk−3q such that any three columns of the matrix
Mk+1 =
2
664
1    1 1
a1    ak−3 1
b1    bk−3 1
E3
3
775
are linearly independent. Let B0(k + 1; a) = fb 2 B(k + 1; a); Mk+1 is not classical:g.
We recall a theorem due to Sz}onyi and Thas. When q is odd, a classical (q +
1)-arc in PG(2; q) is known to be complete. The following theorem implies that all
(k + 1)-subarcs of a non-classical (k + 2)-arc in PG(2; q) are non-classical, provided
q is odd and k + 1> (2q+ 4)=3.
Theorem 4.1 (Sz}onyi, 1991). Let q be odd. If K is a k-arc in PG(2; q) such that
k > (2q+ 4)=3; then the complete arc containing K is unique.
Proof. Our condition on k is less restrictive than that of [18]. Since the minor dierence
matters for q = 23, we shall give a proof for the sake of completeness. Let K^ =
fL1; : : : ; Lkg be a line arc with k > (2q + 4)=3 in the sense that no three lines are
concurrent. By [9, Theorem 10:4:1] there exists a unique plane curve C2t of order 2t=
2(q+2−k) intersecting each line Li at each point of Li nfLi\Lj; 16j6k; i 6= jg with
multiplicity 2. Note that if C2t contains a line Lk+1 of PG(2; q), then fLj; 16j6k+1g
is a line (k + 1)-arc. We call C2t the associated curve to the line k-arc. Assume
that fL1; : : : ; Lk ; : : : ; Llg and fL1; : : : ; Lk ; : : : ; Ml0g are complete arcs in PG(2; q). We
denote their associated curves by C2s and D2s0 , respectively with s = q + 2 − l and
s0= q+2− l0. Note that the two curves C2s L2k+1 : : : L2l and D2s0 M 2k+1 : : : M 2l0 of degree
2t intersect each line Li (16i6k) at each point of Li n fLi \ Lj; 16j6k; i 6= jg
with multiplicity 2. By the uniqueness of the associated curve of the arc K^ , we have
C2t = C2sL2k+1 : : : L
2
l = D2s0M
2
k+1 : : : M
2
l0 . Since neither C2s nor D2s0 contains a line, we
get l= l0 and Lj =Mj (k < j6l) up to ordering.
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Every time we nd a vector b 2 B(k + 1; a), we check whether the PPM of the
matrix Mk+1 is a Cauchy matrix or not, and if not, we search for column vectors
ck−2 = [1; ; ]T which form a (k + 2)-arc together with k + 1 column vectors of
Mk+1. Let n(k + 2; a; b) be the number of such ck−2 for b 2 B0(k + 1; a). It turns out
that B0(k + 1; a) 6= ; for some a 2 A(k), and that there are no such ck−2, namely
n(k +2; a; b) = 0 for any b 2 B0(k +1; a). Thus m0(2; 23) = 16+ 1. We can verify that
non-classical 17-arcs in PG(2; 23) are not unique up to projectivity.
Accordingly, as q=25; 27, and 29, we have jA(20)j=20; jA(21)j=29 and jA(23)j=97,
respectively. In the same way as in the case q = 23, we see that m0(2; 25) = 20 + 1;
m0(2; 27) = 21 + 1, and m0(2; 29) = 23 + 1. If q is equal to 25; 27 or 29, then it turns
out that non-classical m0(2; q)-arcs are projectively equivalent.
Remark 4.2. Ali [1] found that there exists no complete (m0(2; q)−1)-arc in PG(2; q)
for q=13. We can verify that the same situation prevails for 256q629; q odd. Indeed,
let k=m0(2; q)−1. For these values of q, we have k−1> (2q+4)=3. Consequently, all
(k − 1)-subarcs of a non-classical k-arc in PG(2; q) are non-classical, as noted before
Theorem 4.1. Let A(k − 2) be an ordered set of row vectors a 2 Fk−5q such that
(3.5) represents (k − 2)-arcs in PG(1; q) up to the collineation group. By numerical
computation we get n(k; a; b)=2 for any a 2 A(k − 2) and any b 2 B0(k − 1; a) 6= ; as
far as n(k; a; b)> 0. Thus, there exists no complete k-arc in PG(2; q). This procedure
is not applicable to the cases q= 23; 19, or 17, because k − 16(2q+ 4)=3.
Remark 4.3. The automorphism group of an arc K is a group of projective transfor-
mations g such that g(K)=K . Let n0(2; q) be the number of non-classical m0(2; q)-arcs
up to isomorphism, and let o0(2; q) be the order of the automorphism group of a
non-classical m0(2; q)-arc when n0(2; q) = 1. Then n0(2; 23)> 1. In addition,
o0(2; 25) = 63; o0(2; 27) = 14; o0(2; 29) = 168:
Finally, we will describe the complete 22-arc in PG(2; 27). Let q=27. Fq = F3[X ]=
(X 3−X −2) has a primitive element = X . C=fhti; t 2 Fq[f1gg is a conic V (XZ−
Y 2) in PG(2; q), where hti = [t2; t; 1]T for t 2 Fq and h1i = [1; 0; 0]T. As is known,
every element of the projective automorphism group Aut(C) is induced by a fractional
linear transformation t 7! (at+ b)=(ct+ d). So we identify an element of Aut(C) with
a fractional linear transformation. The point O = [1; 0; 1]T is an interior point of C in
the sense that no tangents to C pass O. A cyclic subgroup HO= f(t− c)=(ct+1); c 2
Fq [ f1gg of Aut(C) xes O. We may take  = (t − 14)=(14t + 1) as a generator
of HO. Let K0 = fOg; K1 = f4j(h1i); 06j66g, and K2 = f4j+1(h1i); 06j66g.
That is,
K0 = f[1; 0; 1]Tg;
K1 = fh1i; h2i; h5i; h6i; h15i; h18i; h19ig;
K2 = fh4i; h10i; h12i; h13i; h14i; h16i; h22ig:
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The two lines V (Z) and V (X +2Y +Z) touch C at h1i, and h−1i=h13i respectively,
and intersect at Q=[1; 1; 0]T. Note that HOQ is a conic C0, not intersecting C. Indeed,
for h=(t− c)=(ct+1) 2 HO the point hQ has the following homogeneous coordinates:2
664
1 −2c c2
c 1− c2 −c
c2 2c 1
3
775
2
664
1
1
0
3
775=
2
664
0 −2 1
−1 1 1
1 2 0
3
775
2
664
c2
c
1
3
775 :
We will denote this point by (c). Let K3 = f4jQ; 06j66g;
K3 = f(0); (7); (8); (11); (20); (21); (24)g:
In the following manner, we can show that K = K0 [ K1 [ K2 [ K3 is a 22-arc in
PG(2; q). 4 generates a subgroup G of the group of projectivities PGL(3; q). Clearly
jGj = 7. Note that G acts transitively on each Ki. By denition, an involution with
respect to a conic C00 and a point P 62 C00 is the map sending P0 2 C00 to P00 2 C00,
where P; P0; P00 are collinear. Denote by P (resp. P) the involution with respect to
the conic C(resp. C0) and a point P. We claim (1) K 0=K1[K2[K3 is an arc. Indeed,
since Q(hti) = h1 − ti, any line through Q intersects K1 [ K2 at one point at most.
Hence, if three points of K 0 are collinear, there exists a line L through h1i or h−1i,
and two points of K3. Since h1i((c))=(1−c), we have h1i(K3)\K3 =;. Similarly,
since h−1i((c)) = (−1 − c), we have h−1i(K3) \ K3 = ;. Thus the existence of the
above line L leads to a contradiction. Next we claim (2) K=K 0[K0 is an arc. The line
through O and Q takes the form V (−X + Y + Z), and does not meet C in PG(2; q).
Since O((c)) = (−1=c), we have O(K3) \ K3 = ;. Thus, any two points of K3 and
O cannot be collinear. Since O(hti) = h−1=ti, we have O(K1 [ K2) \ fK1 [ K2g= ;.
Thus, any two points of K1 [ K2 and O cannot be collinear. Consequently K 0 [ K0 is
an arc, as desired.
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